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A Note on the Acceleration and Jerk in Motion
Along a Space Curve

Kahraman Esen Özen, Mehmet Güner and Murat Tosun

Abstract

The resolution of the acceleration vector of a particle moving along a
space curve is well known thanks to Siacci [1]. This resolution comprises
two special oblique components which lie in the osculating plane of the
curve. The jerk is the time derivative of acceleration vector. For the jerk
vector of the aforementioned particle, a similar resolution is presented
as a new contribution to field [2]. It comprises three special oblique
components which lie in the osculating and rectifying planes. In this
paper, we have studied the Siacci’s resolution of the acceleration vector
and aforementioned resolution of the jerk vector for the space curves
which are equipped with the modified orthogonal frame. Moreover, we
have given some illustrative examples to show how the our theorems
work.

1 Introduction

In Newtonian physics, it is well known that the force acting on a particle
is concerned with its acceleration through the equation F = ma. A particle,
which moves under the influence of arbitrary forces in 3-dimensional Euclidean
space, has an acceleration which is obtained by the time derivative of the ve-
locity vector, and thus by two time derivative of the position vector. For some
applications, to state the acceleration vector as the sum of its tangential and
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normal components is practical. However, when the angular momentum of
the particle is constant, to state the acceleration vector as the sum of its tan-
gential and radial components is more practical. The acceleration was stated
in this form by Siacci in [1]. In Siacci’s this study, the tangent component
of acceleration lies along the tangent line of the trajectory while the radial
component of acceleration lies in the instantaneous osculating plane to the
trajectory [3]. In the literature, there have been numerous studies about the
Siacci’s theorem [3, 4, 5, 6, 7].
The jerk vector is the time derivative of the acceleration vector. Thus, the
equality j = 1

m
dF
dt is satisfied for the particle which has a constant mass. Also,

the jerk vector is different from the zero vector when the time derivative of
the force is different from the zero vector. When a gymnast does gymnastic
exercises or a stock-car racer races on track or a machinist drives a high-
speed train, the acceleration changes suddenly. In these kind of situations,
to estimate the lower threshold of just noticeable jerk and upper values of
the jerk that can be tolerated by humans without undue discomfort is very
important [8]. By Melchior in [9], these calculations were considered.
Due to Resal [10], the resolution of the jerk vector along a space curve in 3-
dimensional Euclidean space is well known. In this resolution, the jerk vector is
obtained along the tangent, normal and binormal unit vectors of Serret-Frenet
frame. This concept is still an issue of interest. Recently, a new decomposition
of jerk vector along the tangential direction and radial directions in osculating
and rectifying planes is presented in [2] by using the Serret- Frenet frame.
This frame is a moving frame which has an important place in the theory of
curves. It illustrates the characteristic properties of the curve since it provides
the ability to ride along the curve.
Modified orthogonal frame was studied by Sasai in [11] for the curves whose
curvature are not identically zero. There is a very close relation between this
frame and Serret-Frenet frame. In the literature, there have been numerous
studies about the Modified orthogonal frame [11, 12, 13, 14, 15].
In this paper, firstly, we have given a short knowledge about the Serret-Frenet
frame and modified orthogonal frame. Afterwards, for a particle moving along
an analytic space curve, which is equipped with the modified orthogonal frame,
we have studied the Siacci’s theorem by inspiring the study [3]. Also, we have
obtained the resolution of the jerk vector along tangential and radial directions
by inspiring the study [2]. Furthermore, two illustrative examples have been
given to show how the our theorems work.



A Note on the Acceleration and Jerk in Motion Along a Space Curve 153

2 Preliminaries

Let 3−dimensional Euclidean space E3 be equipped with the standard inner
product

〈A,B〉 = a1b1 + a2b2 + a3b3

where A = (a1 , a2 , a3) , B = (b1 , b2 , b3) are any vectors in E3. The norm
of a vector A ∈ E3 is defined as ‖A‖ =

√
〈A , A〉.

In E3, a curve

β : J → E3

t → β (t) = (β1 (t) , β2 (t) , β3 (t))

is called a differentiable curve if its coordinate functions

βi : J → R

t → βi (t) , i = 1, 2, 3

are differentiable in the non-empty open interval J of the set of real numbers.

If
(
β1
′ (t)

)2
+
(
β2
′ (t)

)2
+
(
β3
′ (t)

)2 6= 0 for all t ∈ J , β is called a non-singular
curve. On the other hand, β is a unit speed curve if ‖β′ (t)‖ = 1 for all t ∈ J ;
in this case, t is called arc-length parameter of the curve β (t). Note that, all
non-singular curves can be parameterized by its arc length.
Let a non-singular differentiable curve α be given as

α : I → E3

s → α (s) = (α1 (s) , α2 (s) , α3 (s))

by its arc length parameter s where I is a non-empty open interval of R.
Suppose that α does not have vanishing second derivatives. Then, the mov-
ing Serret-Frenet frame of the aforementioned curve α (s) is well defined. It
is denoted by {t (s) , n (s) , b (s)} where t (s) , n (s) and b (s) are the unit
tangent, unit principal normal and unit binormal vectors respectively. The
Serret-Frenet formulas are given as follows:

t′ = κn, n′ = −κt + τb, b′ = −τn (1)

where the curvature function κ and the torsion function τ are defined by
κ = κ (s) = ‖t′ (s)‖ and τ = τ (s) = −〈b′ (s) , n (s)〉, respectively [16].
Since the real functions α1, α2 and α3, which are given above, are differentiable
in the open interval I, they are analytic in I, as well. Thus, the aforementioned
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differentiable curve α (s) is analytic in I. Then, for α, there is an orthogonal
frame {T, N, B} which is given as in the following:

T = α′ (s) , N = T′ (s) , B (s) = T (s) ∧N (s) (2)

where ∧ symbolizes the vector product. This frame is called modified orthog-
onal frame (see [11] for more details). The relations of this frame {T, N, B}
and classical Serret-Frenet frame {t, n, b} are given as

T = t, N = κn, B = κb. (3)

It can be seen easily that the lengths of the vectors N (s) and B (s) correspond
to κ (s). Due to the equation (3), after some calculations, the derivative for-
mulas can be given as follows:T′

N′

B′

 =

 0 1 0

−κ2 κ′

κ τ

0 −τ κ′

κ

T
N
B

 (4)

where

τ = τ (s) =
det (α′, α′′, α′′′)

κ2

is the torsion of the curve α. In the classical case, (4) corresponds to the
Serret-Frenet equation. Furthermore, the equalities

〈T, T〉 = 1, 〈N, N〉 = 〈B, B〉 = κ2, 〈T, N〉 = 〈T, B〉 = 〈N, B〉 = 0 (5)

are satisfied, [11].
Take into account of a particle of mass m which travels along the aforemen-
tioned curve α (s) in E3. Choose an arbitrary fixed origin O in the space
and denote by x the position vector of P at time t. Here, the arc-length of
α corresponds to the time t. The unit tangent vector for the curve α can be
written as follows:

T =
dx

ds
. (6)

Then, with the aid of (4) and (6), the velocity vector v, the acceleration
vector a and the jerk vector J of the particle at a time t are obtained as in
the following:

v =
dx

dt
=
ds

dt
T,

a =
dv

dt
=
d2s

dt2
T +

(
ds

dt

)2

N,

J =

[
d3s

dt3
− κ2

(
ds

dt

)3
]
T +

[
3
ds

dt

d2s

dt2
+

1

κ

dκ

ds

(
ds

dt

)3
]
N +

[
τ

(
ds

dt

)3
]
B.

(7)
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3 Alternative Resolutions of Acceleration and Jerk Vec-
tors According to Modified Orthogonal Frame

A particle P , moving along the aforementioned curve α, may be seen as a
point of this curve. So, P has a position vector according to the modified
orthogonal frame. Let the position vector of P be resolved as follows:

x = qT− pN + bB (8)

where

q = 〈x,T〉, −p =
1

κ2
〈x,N〉, b =

1

κ2
〈x,B〉. (9)

Denote by r and r∗ the vectors

r = qT− pN , r∗ = qT + bB (10)

which lie in the osculating plane π1 to C at P and in the rectifying plane π2

to C at P , respectively. In that case, we get

r2 = 〈r, r〉 = q2 + κ2p2, (r∗)
2

= 〈r∗, r∗〉 = q2 + κ2b2 (11)

where r and r∗ are the lengths of the vectors r and r∗, respectively. (See
Figure 1).
By vector multiplication of the position vector x, aforementioned in (8), and
the linear momentum vector m

(
ds
dt

)
T, the angular momentum vector of P

about O is obtained as

HO = mb

(
ds

dt

)
N +mp

(
ds

dt

)
B. (12)

By following the similar steps in the studies [3] and [2], now we try to resolve
the acceleration vector a in (7) along the radial direction BP and tangential
direction in osculating plane π1, and also try to resolve the jerk vector J in (7)
along the tangential direction, radial direction BP in osculating plane π1 and
radial direction Y P in the rectifying plane π2. To do so, firstly, let us express
the vector N in terms of r and T. In view of (10), we can conclude that this
is possible if and only if p 6= 0. By making the physical assumption that the
component of angular momentum along the vector B never vanishes, we can
ensure that p is nonzero. Secondly, let us express the vector B in terms of
r∗ and T. From the perspective of equation (10), this is possible if and only
if b 6= 0. By making the second physical assumption that the component of
angular momentum along the vector N never vanishes, we can ensure that b is
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Figure 1: A particle P moves on an analytic curve α in the 3D Euclidean space
E3. π1 and π2 are the osculating and rectifying planes at P , respectively. B
is the foot of the perpendicular line segment which is from the origin O to the
plane π1. Y is the foot of the perpendicular line segment which is from the
origin to the plane π2. BZ and Y K are perpendicular line segments to the
tangent and binormal axes, respectively. r and r∗ are the position vectors of
P relative to B and Y . er is the unit vector in the direction of BP and er

∗ is
the unit vector in the direction of Y P .



A Note on the Acceleration and Jerk in Motion Along a Space Curve 157

nonzero. Taking into consideration these assumptions, the following equations
can be written:

N =
1

p
(−r + qT) , B =

1

b
(−qT + r∗) . (13)

From the equation (11) and the aforementioned physical assumptions, r 6= 0
and r∗ 6= 0. Thus, the unit vectors er and er

∗ can be defined as

er =
1

r
r, er

∗ =
1

r∗
r∗. (14)

By means of (13) and (14), we get

N =
1

p
(−r er + qT) , B =

1

b
(−qT + r∗er

∗) . (15)

Now, if we substitute the equations (15) into the equation (7), we obtain the
acceleration vector a and jerk vector J as

a =

[
d2s

dt2
+
q

p

(
ds

dt

)2
]
T +

[
−r
p

(
ds

dt

)2
]
er = StT + Sr er (16)

and

J =

[
d3s

dt3
− κ2

(
ds

dt

)3

+ 3
q

p

ds

dt

d2s

dt2
+

q

pκ

dκ

ds

(
ds

dt

)3

− qτ

b

(
ds

dt

)3
]
T

+

[
−3

r

p

ds

dt

d2s

dt2
− r

pκ

dκ

ds

(
ds

dt

)3
]
er

+

[
r∗τ

b

(
ds

dt

)3
]
er
∗

= TtT + Tr er + Tr∗ er
∗.

(17)

Here, St, Sr are tangential and radial Siacci components of the acceleration,
while Tt, Tr, Tr∗ are tangential and radial components of the jerk.
Taking into consideration the above derivation about the acceleration and jerk
vectors of the particle P , the following theorems can be given.

Theorem 1 (Siacci’s Theorem According to Modified Orthogonal Frame). Let
P be a particle whose mass is m and which moves along an analytic space curve
α equipped with the modified orthogonal frame. Assume that the component of
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its angular momentum which is along the vector B never takes the value zero.
In this case, the acceleration vector a of P could be stated as

a =

[
d2s

dt2
+
q

p

(
ds

dt

)2
]
T +

[
−r
p

(
ds

dt

)2
]
er = StT + Sr er.

Sr is directed from the particle(point) P towards the foot of the perpendicular
that is from the origin to the osculating plane π1 to α at P , while St lies along
the tangent line of α.

Theorem 2. Let P be a particle whose mass is m and which moves along an
analytic space curve α equipped with the modified orthogonal frame. Assume
that each of the components of its angular momentum vector never vanishes.
In this case, the jerk vector J of P could be stated as:

J =

[
d3s

dt3
− κ2

(
ds

dt

)3

+ 3
q

p

ds

dt

d2s

dt2
+

q

pκ

dκ

ds

(
ds

dt

)3

− qτ

b

(
ds

dt

)3
]
T

+

[
−3

r

p

ds

dt

d2s

dt2
− r

pκ

dκ

ds

(
ds

dt

)3
]
er

+

[
r∗τ

b

(
ds

dt

)3
]
er
∗

= TtT + Tr er + Tr∗ er
∗.

Tt, Tr, Tr∗ are tangential and radial components of the jerk. The component
Tt lies along the tangent line of α. The component Tr lies along the line that
passes through the particle P and the foot of the perpendicular which is from
the origin to the osculating plane. The component Tr∗ lies along the line that
passes through the particle P and the foot of the perpendicular which is from
the origin to the rectifying plane.

Corollary 1. In Euclidean 3-space, let the particle P move along an analytic
space curve which lies in the osculating plane π1. Assume that the component
of its angular momentum vector along the normal vector of the motion plane
never vanishes. In that case, tangential component of the jerk vector J reduces
to

Tt =
d3s

dt3
− κ2

(
ds

dt

)3

+ 3
q

p

ds

dt

d2s

dt2
+

q

pκ

dκ

ds

(
ds

dt

)3

.

The second radial component Tr∗ vanishes, while the first radial component
does not change.

Proof. The proof can be completed easily by considering τ = 0 for the planar
case.
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4 Applications

In this section, we give illustrative examples to show how the our theories
work.

Example 1. Suppose that a particle P travels along a right handed circular
helix lying on a cylinder of radius R and that the angular frequency ω of P
is not time dependent. In that case, the position vector of P is as in the
following:

x = R cos (ωt) i +R sin (ωt) j +Btk

where t states the time. Here, B is a positive constant and {i, j, k} is a
fixed right-handed orthonormal frame. Let k be the axis of the helix and α
be the helix angle satisfying the equality tanα = Rω

B . The velocity vector,
acceleration vector and jerk vector of P could be calculated as follows:

v = −Rω sin (ωt) i +Rω cos (ωt) j +Bk,

a = −Rω2 cos (ωt) i −Rω2 sin (ωt) j,

J = Rω3 sin (ωt) i −Rω3 cos (ωt) j.

From here, we can write the followings

dx = −Rω sin (ωt) dt, dy = Rω cos (ωt) dt, dz = Bdt , ds = λdt.

where λ =
√
R2ω2 +B2. Therefore,

ds

dt
= λ,

d2s

dt2
= 0,

d3s

dt3
= 0.

It is not difficult to see that the oriented curve which is traced out by the
particle P can be parameterized by the arc-length s = s(t) = λt as follows:

γ (s) =

(
R cos

(ωs
λ

)
, R sin

(ωs
λ

)
,
Bs

λ

)
. (18)

Considering (2), the vectors T, N and B for the helix can be obtained as

T = − sinα sin
(ωs
λ

)
i + sinα cos

(ωs
λ

)
j + cosαk,

N = − sin2α

R
cos
(ωs
λ

)
i− sin2α

R
sin
(ωs
λ

)
j,

B =
sin2α

R
cosα sin

(ωs
λ

)
i − sin2α

R
cosα cos

(ωs
λ

)
j +

sin3α

R
k.

(19)
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As can be seen easily, the curvature κ and the torsion τ are constant:

κ =
Rω2

λ2
, τ =

Bω

λ2
. (20)

From (9), (18), (19) and (20), we can obtain

q = tB cosα, p =
R2

sin2α
, b =

tBR

sinα
. (21)

On the other hand, the equalities

r =
√
R2 + t2B2cos2α , r∗ = tB (22)

can be written in view of (11), (20) and (21).
By applying Theorem 1, we obtain the tangential and radial Siacci com-

ponents of acceleration vector as

St =
tλ2B cosαsin2α

R2
, Sr = −λ

2sin2α
√
R2 + t2B2cos2α

R2
. (23)

Similarly, by applying Theorem 2, we obtain the tangential and radial com-
ponents of jerk vector as

Tt = −R
2ω4

λ
− λωB cosα sinα

R
, Tr = 0, Tr∗ =

λBω sinα

R
. (24)

Example 2. Suppose that a particle P moves along the logarithmic spiral curve

δ(t) =
(
eωt cos(ωt), 0, eωt sin(ωt)

)
in E3. Then, the position vector of P is as in the following:

x =
(
eωt cos(ωt), 0, eωt sin(ωt)

)
where t and ω symbolize time and angular frequency, respectively. The veloc-
ity, acceleration and jerk vectors concerned with the particle P are obtained
easily as follows:

v = ω
(
eωt cos(ωt)− eωt sin(ωt), 0, eωt sin(ωt) + eωt cos(ωt)

)
,

a = 2ω2
(
−eωt sin(ωt), 0, eωt cos(ωt)

)
,

J = 2ω3
(
−eωt sin(ωt)− eωt cos(ωt), 0, eωt cos(ωt)− eωt sin(ωt)

)
.

(25)

The equalities
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Figure 2: The right-handed circular helix on a cylinder of radius R as the path
of the particle P which has an angular frequency ω (ω is not time dependent).

dx = ωeωt (cos(ωt)− sin(ωt)) dt, dz = ωeωt (sin(ωt) + cos(ωt)) dt (26)

can be seen easily. Then, we get

ds

dt
=
√

2ωeωt,
d2s

dt2
=
√

2ω2eωt,
d3s

dt3
=
√

2ω3eωt (27)

with the aid of the equality (ds)2 = (dx)2 + (dy)2 + (dz)2. It is not difficult to
see that the oriented curve, traced out by the particle, can be reparameterized
by the arc-length s = s(t) =

√
2eωt −

√
2 as follows:

δ∗ (s) =

(
s+
√

2√
2

cos ln(
s+
√

2√
2

), 0,
s+
√

2√
2

sin ln(
s+
√

2√
2

)

)
. (28)

If we use the equations (2) and (28) we can easily find the Modified orthogonal
frame vectors:
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T =

cos ln( s+
√
2√

2
)− sin ln( s+

√
2√

2
)

√
2

, 0,
cos ln( s+

√
2√

2
) + sin ln( s+

√
2√

2
)

√
2

 ,

N =

− cos ln( s+
√
2√

2
)− sin ln( s+

√
2√

2
)

√
2
(
s+
√

2
) , 0,

cos ln( s+
√
2√

2
)− sin ln( s+

√
2√

2
)

√
2
(
s+
√

2
)

 ,

B =

(
0,

1√
2
(
s+
√

2
) , 0) .

(29)

The curvature and torsion are constant:

κ =
1

s+
√

2
, τ = 0.

From this last equation, (9), (11), (28) and (29) we obtain:

q =
s+
√

2

2
, p =

(
s+
√

2
)2

2
, b = 0, r =

s+
√

2√
2

, r∗ =
s+
√

2

2
. (30)

The acceleration vector is obtained for the particle P in terms of tangential
and radial components as

a =
(

2
√

2ω2eωt
)
T +

(
−2
√

2ω2e2ωt
)
er (31)

by applying Theorem 1. Similarly, the jerk vector is obtained in terms of
tangential and radial components as

J =
(

2
√

2ω3eωt
)
T +

(
−4ω3eωt

)
er (32)

by applying Corollary 1.
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